Abstract. The order relation on the set of completely n-positive linear maps from a pro-C * -algebra A to L(H), the C * -algebra of bounded linear operators on a Hilbert space H, is characterized in terms of the representation associated with each completely n-positive linear map. Also, the pure elements in the set of all completely n-positive linear maps from A to L(H) and the extreme points in the set of unital completely n-positive linear maps from A to L(H) are characterized in terms of the representation induced by each completely n-positive linear map.
Introduction and preliminaries
Stinespring [12] showed that any completely positive linear map from a C * -algebra A to L(H), the C * -algebra of bounded linear operators on a Hilbert space -morphism from A to L(H). In [4] it is showed that a continuous positive linear functional on a pro-C * -algebra A induces a representation of A on a Hilbert space in terms of the GNS construction. Bhatt and Karia [2] extended the Stinespring construction for completely positive linear maps from a pro-C * -algebra A to L (H).
In [9] , we extend the KSGNS (Kasparov, Stinespring, Gel'fend, Naimark, Segal) construction for strict completely n-positive linear maps from a pro-C * -algebra A to another pro-C * -algebra B.
In this paper we generalize various earlier results by Arveson and Kaplan. The paper is organized as follows. In Section 2, we establish a relationship between the comparability of nondegenerate representations of A and the matricial order structure of B(A, L(H)), the vector space of continuous linear maps from A to L(H) (Proposition 2.6). This is a generalization of Proposition 2.2, [10] . Section 3 is devoted to a Radon-Nikodym type theorem for completely multi-positive linear maps from A to L(H). As a consequence of this theorem, we obtain a criterion of pureness for elements in CP n ∞ (A, L(H)) in terms of the representation associated with each completely n-positive linear map (Corollary 3.6 ). In Section 4 we prove a sufficient criterion for a completely n-positive linear map from A to L(H) to be pure in terms of its components (Lemma 4.1) and using this result we determine a certain class of extreme points in the set of all unital completely positive linear maps from A to L(H n ), where H n denotes the direct sum of n copies of the Hilbert space H (Corollary 4.3). Finally, we give a characterization of the extreme points in the set of all unital completely n-positive linear maps from A to L(H) (Theorem 4.4) that extends the Arveson characterization of the extreme points in the set of all unital completely positive linear maps from a C * -algebra A to L(H).
Representations associated with completely n-positive linear maps
Let A be a pro-C * -algebra and let H be a Hilbert space. An n × n matrix
of continuous linear maps from A to L(H) can be regarded as a linear
.
It is not difficult to check that ρ is continuous. We say that ρ ij n i,j=1
is an n-positive and the set of all completely n-positive linear maps from A to L(H) is denoted by
Remark 2.1. In the same manner as in the prof of Theorem 1.4 in [5] , we can
is an affine order isomorphism.
The following theorem is a particular case of Theorem 3.4 in [9] . . For each i ∈ {1, ..., n}, we denote by H i the Hilbert subspace of H ρ generated by {Φ ρ (a)V ρ,i ξ; a ∈ A, ξ ∈ H} and by P i the projection in L (H ρ ) whose range is 
for all ξ ∈ H and for all i ∈ {1, ..., n}. Therefore
is a diagonal completely n-positive linear map from Proof. Suppose that ρ 11 and ρ 22 are disjoint and ρ = ρ ij
is a completely
) be the Stinespring representation associated with ρ. Since ρ 11 and ρ 22 are disjoint, the central carriers of projections P 1 and P 2 (see Remark 2.4) are orthogonal and so P 1 P 2 = 0. Then
for all a ∈ A, and since ρ 21 (a) = (ρ 12 (a * )) * for all a ∈ A, we conclude that ρ 12 = ρ 21 = 0.
Conversely, suppose that there are no nonzero continuous linear maps ρ 12 and ρ 21
is a completely 2-positive linear map from A to L(H). Let
The direct sum Φ = Φ ρ 11 ⊕ Φ ρ 22 of the representations Φ ρ 11 and Φ ρ 22 is a representation of A on the Hilbert space H 0 = H ρ 11 ⊕H ρ 22 . We consider the linear operators
, 2}. Suppose that ρ 11 and ρ 22 are not disjoint. Then there are two nonzero projections
′ majorized by E 1 respectively E 2 , and a partial isometry V in
It is not difficult to check that the range of F i is generated by {Φ (a) F i V i ξ; a ∈ A, ξ ∈ H}, i ∈ {1, 2}. We consider the
It is not difficult to check that θ is continuous and
for all a and b in A. Then
, where ρ 12 = S −1 (θ) 12 and
. From this fact and taking
and then by Remark 2.1,
for all a ∈ A. This implies that
for all a ∈ A and for all ξ, η ∈ H. Since the range of F 1 is generated by {Φ (a)
a ∈ A, ξ ∈ H} and for all ξ ∈ H and a ∈ A, V * Φ (a) V 2 ξ is an element in the range of F 1 , the preceding relation yields that V * Φ (a) V 2 ξ = 0 for all a ∈ A and for all ξ ∈ H. Then Φ (a) F 2 V 2 ξ = V V * Φ (a) V 2 ξ = 0 for all a ∈ A and for all ξ ∈ H and so Let A be a pro-C * -algebra and let H be a Hilbert space.
is a completely n-positive linear map from A to L (H) .
Proof. It is not difficult to check that ρ T is a matrix of continuous linear maps from
A to L(H), the (i, j)-entry of the matrix ρ T being the continuous linear map (
Also it is not difficult to check that
for all a, b ∈ A, where T 1 2 is the square root of T, H) ) and for all a 1 , ..., a m ∈ A. This shows that S (ρ T ) ∈ CP ∞ (A, M n (L(H))) and by Remark 2.1, Proof. First, we suppose that
, and since
. From this fact and taking into account that {Φ ρ (a) V ρ,i ξ; a ∈ A, ξ ∈ H, 1 ≤ i ≤ n} spans a dense subspace of H ρ , we conclude that T 2 − T 1 ≥ 0 and the lemma is proved.
for all a ki ∈ A and ξ ki ∈ H, 1 ≤ i ≤ n, 1 ≤ k ≤ m, and since {Φ ρ (a) V ρ,i ξ; a ∈ A, ξ ∈ H, 1 ≤ i ≤ n} spans a dense subspace of H ρ , there is a unique bounded
Moreover, W ≤ 1. Let {e λ } λ∈Λ be an approximate unit for A, ξ ∈ H and i ∈ {1, ..., n}. Then
. We consider the following sets:
The following theorem can be regarded as a Radon-Nikodym type theorem for completely multi-positive linear maps. Proof. According to Lemmas 3.1 and 3.3 and Remark 3.2, it remains to show that
for all a ∈ A and for all i ∈ {1, ..., n}. From this fact and taking into account that {Φ ρ (a) V ρ,i ξ; a ∈ A, ξ ∈ H, 1 ≤ i ≤ n} spans a dense subspace of H ρ , we conclude that T = 0 and so the map
, we deduce that θ = ρ T and the theorem is proved.
We say that a completely n-positive linear map ρ from a pro-C * -algebra A to 
Applications of the Radon-Nikodym theorem
Let A be a unital pro-C * -algebra and let H be a Hilbert space. and for all i, j ∈ {1, ..., n} with i = j there is a unitary element u ij in A such that
Proof. Let (Φ ρ , H ρ , V ρ,1 , ..., V ρ,n ) be the Stinespring representation associated with ρ. Let i, j ∈ {1, ..., n} with i = j. Since
. This implies that the vector subspaces H i and H j of H ρ coincide. Therefore H ρ = H i for all i ∈ {1, ..., n}, and since Φ ρ (·) P i acts irreducibly on H i , i ∈ {1, ..., n}, the representation Φ ρ of A is irreducible and,
by Corollary 3.6, ρ is pure.
The following proposition is a generalization of Propositions 2.5 in [10] and 4.5
in [8] . ρ ii and n 1 + ... + n m = n. By Corollary 3.6, the representation Φ ρ r of A induced by ρ r is irreducible and, moreover, it is unitarily equivalent to a subrepresentation Φ r of Φ ρ . Therefore Φ ρ is a direct sum of disjoint irreducible representations Φ r , r ∈ {1, ..., m}. For each r ∈ {1, ..., m}, we denote by E r the central support of Φ r (this is, Φ r (a) = Φ ρ (a) E r for all a ∈ A).
.., n} and λ ∈ (0, 1) such that
Then, by Theorem 3.5, there is T in Φ ρ (A) ′ , 0 ≤ T ≤ I Hρ such that λθ = ρ T . From this fact and taking into account that Φ r is irreducible and E r T E r is an element in Φ r (A) ′ for all r ∈ {1, ..., m} and θ ii (1) = I H for all i ∈ {1, ..., n}, we conclude that E r T E r = λE r for all r ∈ {1, ..., m}. Consequently, T = λI Hρ and so θ = ρ.
In the same manner we obtain σ = ρ and so ρ is an extreme point in the set of all
Let A be a unital pro-C * -algebra, H a Hilbert space and 
is an extreme point in the set of all unital completely positive linear maps from A to M n (L(H)).
The following theorem gives a characterization of the extreme points in CP Proof. First we suppose that ρ is an extreme point in CP n ∞ (A, L(H), I). Let T ∈ Φ ρ (A)
′ such that P H0 T P H0 = 0. Since P H0 T * P H0 = (P H0 T P H0 ) * = 0, we can suppose that T = T * . From V * ρ,i T V ρ,j ξ, η = T V ρ,j ξ, V ρ,i η = P H0 T P H0 V ρ,j ξ, V ρ,i η = 0 for all i, j ∈ {1, ..., n} and for all ξ, η ∈ H, it follows that V * ρ,i T V ρ,j = 0 for all i, j ∈ {1, ..., n}. It is not difficult to check that there are two positive numbers α and β such that for all i, j ∈ {1, ..., n} and for all ξ, η ∈ H, we conclude that P H0 T − αI Hρ P H0 = 0 and so T = αI Hρ . Consequently θ = ρ. In the same way we obtain σ = ρ. Therefore ρ is an extreme point in CP n ∞ (A, L(H), I).
